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We study the two-spin entanglement distribution along the infinite S = 1/2 chain described by
the XY model in a transverse field. Closed analytical expressions are derived for the one-tangle and
the concurrences Cr, r being the distance between the two possibly entangled spins, for values of the
Hamiltonian parameters close to those corresponding to factorized ground states. The total amount
of entanglement, the fraction of such entanglement which is stored in pairwise entanglement, and the
way such fraction distributes along the chain is discussed, with attention focused on the dependence
on the anisotropy of the exchange interaction. We find that, as factorization is approached, the
anisotropy rules a complex behavior of the entanglement properties, which results in the fact that
more isotropic models, despite being characterized by a larger amount of total entanglement, present
a smaller fraction of pairwise entanglement: the latter, in turn, is more evenly distributed along the
chain, at the point that, in the fully isotropic model, the concurrences do not depend on r.
PACS numbers: 03.67.Mn, 75.10.Jm, 73.43.Nq, 05.30.-d
I. INTRODUCTION
The analysis of entanglement properties has recently
furnished new insights into several peculiar features of
many-body systems, such as the occurrence of quantum
phase transitions, or that of non trivial factorized ground
states[1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. Different types of
entanglement can be defined in many-body systems, but
computable measures are available just for a few of them.
In this sense, a privileged role is played by the bipartite
entanglement of formation[11], and by the related quan-
tities, one-tangle and concurrence, which represent the
entanglement of formation between one qubit and the
rest of the system, and that between two selected qubits
of the system, respectively. In particular the definition of
the concurrence holds not only for pure states, as in the
case of the one-tangle, but also for mixed ones [12, 13].
When magnetic systems are considered, the qubit is
naturally represented by a spin with S = 1/2: for inter-
acting magnetic models described by Hamiltonians with
certain symmetry properties, both the one-tangle and the
concurrence are expressed in terms of standard magnetic
observables, such as the magnetizations and the correla-
tion functions, making it feasible a quantitative analysis
of the entanglement dependence on the Hamiltonian pa-
rameters. If analytical expressions are available, a gen-
eral discussion of such dependence is at hand, which is
the reason why a renewed interest is being devoted to
exactly solvable models.
The ground state of a quantum many-body system is
in general entangled; however, it may happen that it
gets factorized, i.e. completely separable, in a non-trivial
manner. In particular, for the case of antiferromagnetic
systems in a uniform magnetic field on bipartite lattices,
it is demonstrated that special points in the Hamiltonian
parameter space exist, corresponding to models whose
ground state is factorized, and all the entanglement mea-
sures therefore vanish[10, 14].
In this paper we focus on the T = 0 behavior of the best
known one-dimensional XY model in a transverse field,
in the vicinity of such points: starting from the available
expressions of the correlators in terms of Toeplitz deter-
minant, we manage to derive closed formulas which allow
us to analytically study the concurrence, and in particu-
lar its long-distance behavior, as the Hamiltonian param-
eters are varied. Even if close to the points corresponding
to the factorized ground states the entanglement is weak,
such region is the most appropriate to study the distribu-
tion of the pairwise entanglement, since there two spins
can be entangled also at large distances[16, 19].
We find that the two-spin entanglement distribution
along the chain is extremely sensitive to the symmetry
of the model, and we observe totally different behav-
iors of the concurrence when the system changes from
the completely anisotropic Ising case to the isotropic XX
one. In particular, in the latter model, we find that a
good amount of entanglement can be stored even between
two spins which are far apart from each other, while in
the Ising model the pairwise entanglement of the ground
state is shared only between nearest and next-nearest
neighboring spins.
The structure of the paper is as follows: In Sec. II we
introduce the model and the entanglement properties we
aim at studying; In Sec. III we study the long-distance
pairwise entanglement both in the anisotropic and in the
isotropic case; In Sec. IV we define and analyze the two-
spin entanglement length, while in Sec. V we use our
results to understand the interplay between pairwise en-
tanglement and multipartite entanglement. Finally, in
Sec. VI, we draw the conclusions.
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where i runs over the sites of an infinite chain, Sηi
(η=x, y, z) are the S = 1/2 quantum spin operators,
γ∈[0, 1] is the anisotropy, and h = gµBH/J is the re-
duced magnetic field; J > 0 is the strength of the ex-
change interaction.
For 0 < γ ≤ 1 the model belongs to the Ising universal-
ity class and at T = 0 the critical field hc = 1 separates a
disordered phase (h > hc), from a spontaneously broken-
symmetry phase, where the staggered order parameter
is finite (〈Sxi 〉 6= 0). In the isotropic case, γ = 0, the
model has an additional rotational symmetry on the xy
plane, and the critical field coincides with the saturation
field, above which all the spins incoherently align paral-
lel to the field. For γ = 0 and h ≥ 1 the system is in a
fully-polarized phase (〈Szi 〉 = 12 ), while for h < hc, the
systems is in a gapless phase with 〈Szi 〉 < 12 , 〈Sxi 〉 = 0
and power-law decaying correlation functions in the xy
plane. No spontaneous symmetry breaking is present in
the isotropic case, as testified by 〈Sxi 〉 being null for what-
ever value of the applied field.
Let us now consider the h− γ parameter space of the






on the circle h2 + γ2 = 1, as well as along the line {h ≥
1, γ = 0}: Such ground state has a Ne`el structure given
by
|φi〉 = (−1)i cos θγ | ↑i〉+ sin θγ | ↓i〉 , (3)
with cos θγ =
√
1−γ
1+γ ≡ α, which reduces to the trivial
ferromagnetic ground state for γ = 0 and h ≥ 1. In what
follows, we will refer to the circle h2 + γ2 = 1 as the
factorized circle, and to the line {γ = 0, h ≥ 1} as the
factorized line.
For the model Eq. (1) the concurrence Cr between two
spins sitting on sites i and j, with |i− j| = r, reads [15]
Cr = 2max{0, C′r, C′′r }, (4)
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while for the one-tangle it is
τ1 = 1− 4(M2x +M2z ) , (7)
with the correlators gηηr = 〈Sηi Sηj 〉 and the magnetiza-
tions Mη = 〈Sηi 〉 . The two terms entering Eq. (4), C′r
and C′′r , are related to the probabilities for the two con-
sidered spins to be either in antiparallel or in parallel Bell
states, respectively[16]. The total amount of bipartite en-






which is related with the one-tangle via the monogamy
inequality τ2 ≤ τ1[17, 18]. The difference τ1 − τ2 is the
so called residual tangle, while the ratio τ2/τ1 is usually
referred to as the entanglement ratio.
In presence of spontaneous symmetry breaking, i.e. for
γ > 0 and h < 1, Eqs. (4-6) generally hold when C′′r >
C′r, i.e. for h
2 + γ2 > 1 [19], while in the antiparallel
region h2+γ2 < 1 where C′r > C
′′
r they represent a lower
bound for the pairwise entanglement [20, 21]. However,
from Ref. [21], one can see that in the asymptotic limit
r → ∞ they stay valid also for C′r > C′′r , which makes
the analysis of the long-distance concurrence, reported
below, valid both inside and outside the factorized circle.
As for the XX model, no spontaneous symmetry breaking
occurs for whatever value of the field.
III. LONG DISTANCE CONCURRENCE
A. Anisotropic case
Let us first consider the behavior of the model for γ>0
and h > hf , in the vicinity of the factorized circle: we will
keep fixed and finite the value of γ, and vary the field,
meaning that we will move along horizontal lines in the
h− γ plane.
The T = 0 correlation functions entering Eqs. (4-7) for
the XY model in a transverse field are usually evaluated
numerically, by computing the corresponding Toeplitz
determinants, and cannot be written in closed form for
generic r, except in the case of factorized ground states,
where they do not depend on r. Since we are interested
in the behavior of the concurrence as the factorizing cir-
cle is approached, we fix the value of γ and derive Cr as
a series expansion in the difference h− hf , with the fac-
torizing field hf =
√
1− γ2. Starting from the analytic
expressions for the correlation functions[22], we find the
























































FIG. 1: Entanglement phase diagram: The thick curve is the
line where the ground state is exactly factorized. The regions
between curves with the same drawing represent the areas of
the h− γ plane where Cr 6= 0 for r = 2 (long-dashed), r = 3
(dot-dashed) and r = 4 (short-dashed). C1 vanishes only at
h = hf and C2 6= 0 outside the factorized circle. The inset
shows Cr vs h for different r at γ = 0.5.







(h− hf) +O(h− hf)2 . (12)
In the most anisotropic γ = 1 case, it is α = 0 and the
only finite correlator up to the first order in ε is gxxr ,
whose modulus gets the maximum value (i.e. |gxxr | =
1/4) independently of h and r; the first correction is of
order (h− hf)2, being |gxxr | = 1/4− (h− hf)2/16. Notice
that Eqs. (9-12) do not hold for γ = 0, where in fact they
display unphysical singularities.
Similar expressions are found for h < hf and, by defin-
ing the distance ε ≡ |h − hf |, we obtain the first-order





and noticeably holds for whatever r. This result embod-
ies the fact that, even though C′r and C
′′
r are two distinct
functions, up to first order in h − hf their behavior is
symmetric with respect to hf . Eq. (13) underlays that,
despite Cr generally vanish for sufficiently large r, close
to the factorizing field [namely where Eq. (13) holds] it
stays finite for all r. It therefore make sense to focus on
the range R of the concurrence[16, 19], which is the dis-
tance between the two farthest entangled spins along the
chain, i.e.
R : Cr > 0 , ∀r ≤ R ∧ Cr = 0 , ∀r > R. (14)
Since Cr is finite for all r at the first order in ε, R di-
verges for ε→ 0. This statement is compatible with the
behavior depicted by the exact numerical data shown in
Fig. 1; from the same data, we also see that for whatever
r > 1, it exists a distance ε0(r, γ) such that Cr > 0 for
0 < ε < ε0(r, γ). On the other hand, since Eq. (13) can-
not describe the vanishing of Cr at ε0(r, γ), in order to
further analyze the behavior of R, one has to evaluate the
concurrence up to the second order in ε. As we are inter-
ested in the behavior of the long-distance concurrence,
we are allowed to use the large-r asymptotic expressions






ε− [A2 − δA2(r)] ε2 +O(ε3) , (15)
where A2 = α2(γ + 3)/32γ3, and δA2(r) ∼ O(r−2). It is
important to notice that, at variance with Eq. (13), the
above expression only holds for large r. The behavior
predicted by Eq. (15), though approximated, is consistent
with that shown by the exact numerical data (see Fig. 2).
In particular, beyond the trivial zero in ε = 0, Eq. (15)
has another zero which approximates ε0(r, γ):




where we neglected the δA2(r) term, which vanishes for
r →∞. Notice that the symmetry of Eqs. (15) and (16)
with respect to the sign of the difference h − hf arises
from the 2nd order approximation that becomes more
and more accurate increasing r (see Fig. 2).
For a given (large) r, ε0(r, γ) is the distance from hf
at which Cr gets finite while approaching the factorizing
field. We can rephrase this statement by saying that, for
fixed h 6= hf , the farthest entangled spins are those whose
distance r fulfills Eq. (16), with ε0 = |h−hf |. Therefore,
if we consider r as a continuous variable, Eq. (16) can be










FIG. 2: Cr versus h − hf , for γ = 0.5, r = 5 (top panel)
and r = 8 (bottom panel): Comparison between the exact
(full line) and approximated [Eq. (15) with δA2(r) = 0] value
(dashed line).






for ε→ 0 . (17)
From the above expression we see that, for a fixed value
of ε, a larger anisotropy implies a smaller value of R.
On the other hand, when the anisotropy increases, one
should pay particular attention to the overall consistency
of the reasoning, as the existence itself of ε0 is not gen-
erally due for small r, given that Eq. (17) holds only for
large r. Specifically, for h < hf C1 is always finite, and
for h > hf both C1 and C2 keeps finite no matter the
value of the field, as seen in Fig. 1 . In particular, for
γ = 1 the above scheme breaks down: For any finite value
of the field, the only non-zero concurrences are those be-
tween nearest and next-nearest neighbors, as from the












Let us now consider the isotropic γ = 0 case in the
non-trivial quasi-ordered phase, h < hf : Starting from
the expression of the Toeplitz determinant with γ = 0,













































FIG. 3: concurrence Cr vs h for γ = 0 (XX model) and
r = 1, ..., 7 (from the highest to the lowest curve).
where gxxr = g
yy
r due to the symmetry in the xy plane,






cos−1 h . (20)

























From the above expressions, we see that the change
of the universality class at γ = 0 has drastic effect on
the mechanism of rearrangement of two-spin entangle-
ment along the chain. In particular, the fact that the
correlation functions have an algebraic dependence on r,
rather than the exponential one found in the anisotropic
case, reflects in the independence of r of the first term of
Eq. (21). Thus, whatever the selection of the two spins in
the chain they share the same amount of entanglement.
Such invariance is quite a surprising feature and it sug-
gests, according to the analysis proposed in Ref. [24], the
more relevant role of multipartite entanglement in the
isotropic case.
Moreover, the comparison between Eqs. (15) and (21),
as well as that between the inset of Fig. 1 and Fig. 3, ev-
idences an overall increase of all the concurrences {Cr}
in the most isotropic case, consistently with what is ob-
served in the XXZ model[5].
Being now evident that entanglement and symmetries
are deeply related to each other, we may have a further
insight into this feature by studying the range of the con-
currence as the saturation is approached from below, i.e.
for h → h−f . The divergence of R is favored by the in-
crease of the symmetry, as testified by the singularity of
the prefactor 1/ lnα2 in Eq. (17) as γ → 0, that signals
a qualitative change in the behavior of R. At variance
with the anisotropic case, for γ = 0 we already got Cr to
order ε2 [Eq. (21)] and we do not have to resume the 1/r
asymptotic expansions of the correlators to evaluate the
range of the concurrence. The farthest entangled spins
are those whose distance r fulfills Eq. (21)=0; this is an
equation of the 3rd order in r that for sufficiently small ε
has three real solutions, the smallest positive one is just
R. In agreement with previous large r studies [16, 19], we
find that R diverges more rapidly than in the anisotropic
case [Eq. (17)], namely
R ∝ ε−1/2 . (22)
For h > 1, being the ground state factorized, all the
entanglement measures vanish; however one may fix a
value of h larger than unity, and study the behavior of
the concurrences as γ → 0. We therefore computed the
correlators and the concurrences in this parameter region
as a function of the anisotropy. In Fig. 4, {Cr}r=1,...,6 are















FIG. 4: Cr versus γ for h = 1.2 and r = 1, ..., 6 (from the
highest to the lowest curve). The inset shows the logarithmic
divergence of R for γ → 0.
plotted versus γ at fixed field. Again we see that, while
approaching the factorized ground state, i.e. for γ → 0,
all the {Cr} get finite and the range of the concurrence
diverges with a logarithmic trend: R ∝ 1/ lnγ. Our re-
sults show that this behavior is general for any h > 1 and
the divergence becomes more and more pronounced for
h → 1. Eventually, as shown by Fig. 5, at the critical
field h = hc = 1 the divergence of the concurrence range
modifies its dependence on the anisotropy being R ∝ 1/γ.
Thus, the change of the character of the divergence of R
from logarithmic to power-law observed both for γ = 0
and h → h−c and for h = hc and γ → 0 suggests the
critical point of the isotropic model to represents a pe-
culiar point in this context, as also proposed in Ref. [25],
though in a slightly different sense.
IV. TWO-SPIN ENTANGLEMENT LENGTH ξ
2SE
The most noticeable feature of the first-order expan-
sion in ε of Cr, Eq. (13), is the purely exponential depen-










FIG. 5: R versus 1/γ for h = hc = 1.


















vs h at γ = 7.5 10−9. The dashed-line is the best
fit f(h) = 0.055+0.69/(h−1)0.50 . In the inset the lin-log plot
of Cr vs r, the slopes of the lines correspond to the values of
ξ
2SE
in the main panel.








= − lnα2 . (23)
The above definition does obviously make sense only if
Eq. (13) holds, i.e. for very small ε, where the concur-
rence is finite for any spin pair along the chain. From
the above expression, we notice that ξ
2SE
is finite for any
finite anisotropy, while it diverges approaching the point





for γ → 0 . (24)
In the previous Section we observed analogies between
the behavior of the two-spin entanglement close to the
factorized circle (i.e. h < 1) and close to the factorized
line (i.e. h > 1). In particular we found that also for
h > 1 and γ → 0 all the concurrences {Cr} become fi-
nite, so that one can ask whether it is possible to extend
the definition of ξ
2SE
to the region h > 1 and γ ≪ 1. We
computed Cr versus r for a fixed value of γ ≪ 1 and also
in this case we found an exponential dependence on r, as
shown by the inset of Fig. 6. Thus, extending the defini-
tion (23) to the region h > 1, the two-spin entanglement
length can be evaluated by the slope of the lines in a
lin-log plot of Cr vs r. As the point γ = 0 and h = 1 is




(h− 1)ν for h→ 1
+ , (25)
with ν = 0.50. We notice that, by using the identity
γ =
√
1− h2f , one may recast Eq. (24) in the form ξ2SE ∝
1/[2(1 − h2f )1/2] ∼ 1/[2
√
2(1 − hf)1/2] which reproduces
the behavior of the above Eq. (25): This tells us that
6the way the two-spin entanglement length diverges while
approaching the (γ = 0, h = 1) critical point does not
depend on whether one moves h or γ.
The divergence of the two-spin entanglement length for
γ → 0 and h→ 1 means that in the neighborhood of this
point, not only all the concurrences {Cr} are finite for
any r, but also that the pairwise entanglement does not
depend on the distance r between spins, as the expression
for the concurrences Eq. (21) anticipated. Elsewhere the
concurrence is either vanishing for short distances or ex-
ponentially suppressed with r. The behavior of ξ
2SE
con-
firms the peculiarity of the critical point of the isotropic
model among those where the ground state of the system
gets factorized.
V. RESIDUAL ENTANGLEMENT AND
ENTANGLEMENT RATIO
The amount of entanglement stored between two spins
far apart in the chain does not only rely on the distribu-
tion of concurrences {Cr}, but also on the total entan-
glement of the system and on whether it is bipartite or
multipartite. A simple way to investigate this issue is to
evaluate the one-tangle τ1, the residual tangle τ1−τ2, and
the relative weight of the pairwise entanglement through
the entanglement ratio τ2/τ1, in the neighborhood of the
factorized circle. For 0 < γ ≤ 1, using the definitions of
one- and two-tangle and the expressions for the magne-
tizations and concurrences, one obtains
τ1 =
(1− γ)(3 + γ)
8γ3(1 + γ)
ε2 +O(ε3) , (26)
τ1 − τ2 = (1− γ)
2(2 + γ)
8γ3(1 + γ)







For γ = 0, as noticed above, the correlators do not de-
cay exponentially with r, but they rather follow a power
law, as a consequence of the quasi-long range order char-
acterizing the ground state for h < 1 [compare Eqs. (9-
11) with Eqs. (18) and (19)]. This behavior, which re-
flects on the concurrences Eq. (21), makes it cumbersome
to evaluate the sum in the two-tangle expression (8). In
fact, it is not difficult to show that τ2 ∝ ε1/2, but in
order to obtain the proportionality coefficient with good
accuracy one should retain several terms in the small ε
expansion of Cr. For this reason we preferred to numer-
ically compute τ2 and τ2/τ1 close to the factorizing field
up to ε = 10−6 and we verified that the first term of
Eq. (28) holds also for γ = 0.
From the analysis of the above expressions, we no-
tice that the larger the anisotropy the higher the rel-
ative weight of the pairwise entanglement close to the
factorized ground state. In particular, in the pure Ising
limit γ = 1 the entanglement in the ground state is to-
tally stored in pairwise form up to order ε2, but both the
total entanglement and the residual tangle are strongly
suppressed, being τ1 = ε
4/32+O(ε6) and τ1−τ2 = ε6/64.
In the opposite limit, small values of the anisotropy γ fa-
vor the presence of multipartite entanglement and reduce
the relative weight of the two-spin entanglement. In or-
der to reconcile this last statement with the fact that,
as shown in Section III B, a smaller anisotropy implies
larger Cr, one should notice that, as the anisotropy of
the model decreases, the one-tangle becomes larger and
larger and, for γ = 0 it is









whereMz is given by Eq. (20). Thus, even if in the γ → 0
limit the fraction of pairwise entanglement reduces, the
two-spin entanglement takes advantage of the overall in-
crease of the total amount of entanglement stored in the
ground state.
VI. CONCLUSIONS
In this paper we studied how the two-spin entangle-
ment is distributed along the spin chain described by the
Hamiltonian (1), focusing our attention on the possible
connections between the pairwise entanglement spread-
ing and the symmetry of the model. In particular we
have considered the neighborhood of factorized ground
states, where all the concurrences get finite, no matter
the distance between the two spins, and the range of the
concurrence diverges [see Eqs. (17) and (22)]. We have
derived closed analytical expressions for correlators and
concurrences in the neighborhood of the factorized cir-
cle, while we resorted to numerical results to study the
parameter region h > 1 and γ ≪ 1.
Our description shows how the two-spin entanglement
distribution along the chain evolves, while moving from
the Ising (γ = 1) to the isotropic (γ = 0) model: In fact,
for γ → 1, it results that a finite amount of entanglement
can be stored between nearest neighbor spins only; in ad-
dition in the pure Ising case the range of the concurrence
is always finite. On the other hand, the fully isotropic
exchange interaction of the γ = 0 model evidently fa-
vors the entanglement rearrangement also between dis-
tant spins.
Remarkably enough, despite the concurrence is either
vanishing for short distances or exponentially suppressed
with r in any point of the parameter plane h− γ, in the
isotropic case, close to h = hc = 1 all the concurrences
{Cr} are finite and their value is independent of the spe-
cific pair of spins along the chain whatever the distance
r between them. This fact together with the change of
the divergence character of the concurrence range testi-
fies the special role played by the critical point of the
isotropic model in the distribution of the entanglement
between two spins of the system.
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